LEMMA. If f(x) is defined on the closed interval 1= [0, l], e>0, <j>(x' continuous, and \f(x) -<f>(x)\ <e on a set of exterior measure greate than 1 -e, then for every rj > 0 there is a continuous ip(x) such tha | <f>(x) -\f/(x) | < e on a set of measure greater than 1 -e and \f(x) ~\p(x) \ <rj on a set of exterior measure greater than l-rj.
PROOF. f(x) is exteriorly approximately continuous almost everywhere in the sense that for almost every ££/ the set of points x for which ƒ(£)-k<f(x) <ƒ(£)+& has exterior metric density 1 at £, for every k>0. There is a 5, with 0<ô<?/, such that |ƒ(#) -<t>(%)\ <e -8 on a set E of exterior measure greater than 1 -€. Since f(x) is exteriorly approximately continuous almost everywhere, every %(E:E-Z t with Z of measure zero, is in a sequence, {lç n }, i -1, 2, • • • , of closed intervals, whose lengths converge to zero, such that the set of points x for which |/(£)-f(x)<8 has relative exterior measure exceeding 1 -5/2 in each Iç n . Moreover, since </>(#) is continuous, the 7fn may be chosen so that the saltus of <f>(x) in J$ n is less than 5 for every n. 
^l-A)[(l-«) + («-})]
This completes the proof.
We now prove the theorem of Saks and Sierpinski. Let f(x) be an arbitrary function defined on 1= [0, l]. Let ^oOxO-O. By the lemma, there is a continuous 4>x(x) such that |#i(#) -f(x)\ <l/2 on a set of exterior measure greater than 1/2. Having defined the continuous functions (<t>n(x)y </>n+i(x), • • * ) is lower semi-continuous, for every n, <j>(x) is the limit of a nonincreasing sequence of lower semi-continuous functions and is, therefore, of Baire class 2 at most. Moreover, the sequence {<£n(#)} itself converges almost everywhere to <t>(x). Accordingly, for every e>0 and every rj>0, there is an n, such that 10n(#)-<£(#)| <e/2 on a set of measure greater than l-rj/2 and I <t>n(x) -f(x) I <e/2 on a set of exterior measure greater than 1-rj/2. Hence, the set of points for which | <j>{x) -f(x) \ < e is of exterior measure greater than 1-rj for every ry>0 and is, therefore, of exterior measure one.
